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Abstract
The Problem of Continuity and Discreteness is the basic problem of philosophy and mathematics. For a long time, there is no clear understanding of this problem, which leads to the stagnation of the problem, because the essence of the problem is a problem of finity and infinity. The essence of the philosophical thought on which the mathematical definition of “line segment is composed of dots” is the idea of actual infinity, and geometric dot is equivalent to algebraic zero in terms of measure properties. This paper discusses the views of many philosophers on this problem, and on the basis of the view of dialectical infinity, gives two solutions that satisfy both philosophical and mathematical circles, so as to promote the healthy development of basic mathematics.  Discrete the continuity, let the continuity become discreteness, but the discreteness itself is still a continuity, so as to realize the dialectical unity of continuity and discreteness.
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I. Background to the Issue of Continuity

The contradiction between continuity and discreteness, like the contradiction of finite and infinity, is the basic problem of mathematics and philosophy. However, for a long time, there is no scientific understanding of this problem, and the understanding of continuity and Zeno's Paradox is vague and ambiguous. Even in the definition of basic mathematical concepts, there are internal irreconcilable contradictions, such as line segment is composed of dots, dot has no measure, and line segment have measures; these dots without measure constitute a line segment with measure, which is obviously contradictory and absurd. It is precisely because there is this inherent contradiction in the foundation of mathematics, which leads to many strange and absurd results in mathematics, which affects the image of mathematical certainty.
However, continuity is naturally associated with infinity. As Aristotle said," Motion is considered a continuous thing, and the concept that first appears in continuity is ‘infinity’. (That's why the term ‘infinity' often appears in the definition of things that are continuous, for example, ‘the thing that can be infinitely divided is continuity')” (Aristotle, p.68).  Aristotle believes that all quantities are either discrete or continuous. Because the line segment represents continuous and measured, while the dot represents discrete and no measure, the contradiction between continuity and discreteness is manifested in the mathematical definition that the line segment is composed of dots. Because the dot of mathematics has no measure, "the line segment is composed of dots "is expressed as "a measured segment is made up of dots without measure".  Therefore, no finite number of dots can form a line segment, and the line segment must be composed of infinite dots (that is, an idea of actual infinity), so the contradiction between continuity and discreteness can be reduced to a problem of finite and infinity. This requires us to analyze the contradiction between continuity and discreteness from the angle of dialectical infinity, so as to solve the inherent contradiction that the line segment is composed of dots.
What exactly is continuity?  Philosophy and mathematics have not been clearly defined it, and it has always been like a mystery. As Russell put it in Mathematical Principles, “The concept of continuity is often perceived by philosophers as being incapable of analysis. Philosophers say a lot about it, including Hegel's famous saying that all discrete things are continuous, and vice versa. This statement is an example of Hegel's common practice of combining opposites, but it is followed by all later philosophers. However, as to what continuity and discreteness mean, they have remained discreetly silent; it is only obvious that no matter what they actually mean to them, those meanings cannot be related to mathematics or to the philosophy of time and space.” (Zhang Liuhua, p.324)
Aristotle had such an analysis and definition of continuity: “‘Continuity' is a sort of concatenation. When the outer limits on which the objects are in contact become the same, or (as the word itself indicates) inclusive of each other, I say that these things are continuous; if the outer limits are two, continuity is impossible. After making the above definition, we can understand that continuous things are things that are naturally integrated by mutual contact.” (Aristotle, p.148)
How to establish the concept of continuity has always been a difficult problem for philosophers. Aristotle does not admit that a continuous line (or line segment) consists of infinite dots, and believes that infinite dots can not constitute continuity. By contrast, his teacher, Plato, thinks there are infinitely many dots on the line segment. The mathematical master Hilbert believes that mathematical continuity cannot be used for experience, that is, mathematical continuity does not come from experience, while Poincaré thinks that mathematical continuity comes from empirical continuity.

II. Definition of Line Segment and Dot in Basic Mathematics

We know that in Euclid’s Elements the definition of dot, line, face : dot can no longer be divided into parts; line is length without width, the two ends of the line are dots;	A straight line is an infinite tile of a dot along a certain direction and its opposite direction; the face has only the length and width, the edge of a face is a line, and the face is the uniform distribution of the line itself.  These definitions form the basis of mathematical science and have been used today.
The continuity of modern mathematical discussion refers to the continuum defined by Cantor, that is, the set of real numbers. In this way, Cantor connects the line segment with the set of real numbers, and regards the line segment as a set of real numbers, so that each real number corresponds to a "mathematical dot" on the line segment. But it also represents a line (because the length of any segment can be represented by a real number).  We know that the German mathematician Richard Dedekind used his segmentation theory (that is, Dedekind's principle) to accurately give the definition of the set of real numbers, which also establishes the completeness of the set of real numbers (mathematically called continuity or density), but this definition is still based on the basic assumption that "line segment is composed of dots", so Dedekind's principle still cannot effectively explain the continuity of a line segment.
Mathematics comes from human practice, and the dots, lines and faces in mathematics are abstract objects of objective things.  The abstract of dot is the concept after removing the shape and length of objective thing, which is essentially different from objective thing and line segment (which is very important). Therefore, dot comes from the objective world and is different from the objective world. Therefore, dot is a concept, an abstract, does not represent objective thing, not the existence of reality. Similarly, line, face are not the existence of reality.

III. The View Analysis of Some Great Philosophers in History

1、Aristotle's analysis
In Aristotle's view, a line is an irreducible geometric object rather than a set of more basic objects (such as standard dots), and any continuous thing can be divided into parts that can always be subdivided. Therefore, he firmly opposed that the line segment is composed of dots, and that infinite dots can not constitute continuity. On the question of infinity, Aristotle was the first scholar in history to explicitly admit only the potential infinity and oppose the actual infinity.
Aristotle explains from a continuous view that a line segment cannot be composed of dots. He points out: “If the terms continuity, contact, concatenation are defined as described above ----- if the outer limit of things is one, they are continuous; the outer limits of things are together, they are in contact with each other; and if nothing of the same kind is caught in the middle, they are concatenated -----then we say, there can be no continuous things synthesized by inseparable things, such as line cannot be synthesized by dots, line is continuous and dots are inseparable.” (Aristotle, p.162)
Aristotle believes that “a continuum cannot be synthesized from things without parts” (Aristotle, p.171), that is, he believes that line segment is not composed of dots, time is not composed of moments. He explained in detail as follows: "Moreover, dots and dots, now and now can't be concatenated, so that the length composed of dots and the time composed of now. Because there must be no similar things in the middle to be concatenated, and there is always a line between dots, and there is always a period of time between now and now. …… But no continuous thing can be broken down into things without parts.  There can be no different classes of things between dots or between now and now.  Because, if there is, it is clear that this thing is either indivisible or divisible forever. And the latter is continuous. And it is also clear that any continuous thing can be divided into parts that can always be divided (because if it is divided into inseparable, then there will be inseparable things and inseparable things contact each other), because the limits of continuous things contact with each other into one.” (Aristotle, p.163)
He thinks that time is continuous and that time is not made up of moments; time is infinitely divisible, but not by inseparable parts. In Physics, he pointed out in many places: “In that case, time must be continuous. What I mean by continuity is something that can be divided into parts that can be divided forever; it is by this definition of continuity that time must be continuous.” (Aristotle, p.167); “Because now is a limit of past time (no future time is here) and a limit of future time (no past time is here). So we have said that it is the common limit of past time and future time.…… As a limit of two periods of time, the now must be the same. Because, assuming different two, then, because the continuum cannot be synthesized from things without parts, the two now-s cannot be connected to each other. Assuming separation, then there will be a period of time between the two now-s because any continuum is like this: there are the same things between the two limits.” (Aristotle, p.171); “Because time is not made up of inseparable now-s.”(Aristotle, p.191); “But as has already been shown, this is impossible, because time is not made up of now-s, line is not made up of dots, and movement is not made up of jumpings.” (Aristotle, p.195)
Aristotle thinks that dots do not belong to a line. When he thinks the line is split into two parts, it makes no sense to ask which part the dot belongs to, because although the dots are on the line, they do not belong to the line, and the dots on the line are only the conceptual division of the line. Dot has no length, so it is not a component of a line segment, but a marker of a position.
Aristotle discussed and pointed out in Physics that “dots, lines, faces and bodies” in mathematics are abstract: “Mathematicians also discuss faces, bodies, lines, and dots, but they are not discussed as limits to natural objects, nor as characteristics shown by these natural objects. Mathematicians separate them from objects and discuss them. Because conceptually they can be separated from the movement of objects. Moreover, doing so would have little impact and would not lead to errors in conclusion.”(Aristotle, p.47)
2. Kant's analysis
Kant, as the founder of German classical philosophy, thinks that mathematics needs pure intuition and that mathematical proposition is a congenital comprehensive proposition (that is, it is inevitable and universal not because of the transfer of human will, so the essence of "congenital comprehensive proposition" refers to law and truth).  Kant has a great influence on the concept of continuity, he inherited the concept of Aristotle, emphasizing that continuity is infinitely indivisible. But Kant put forward his own understanding of dot and moment, that is , dot and moment are only a representation of limits, boundaries or positions, dots do not belong to line segment, moments are not time; this actually gives a solution to the problem of "line segment is composed of dots ", that is, line segment is not composed of dots, time is not composed of moments, and line segment and dot are basic mathematical abstractions. Kant's view was generally agreed and accepted by his later philosophers, and his greatness was that he put forward a very clever solution to the problem of "line segment is composed of dots ", that is, the dot is the representation of boundary and position (number is the mark of quantity).This is one of the two solutions I will propose later.
In Criticism of Pure Reason, he describes continuity as follows: “The attribute of quantity, that is, according to which any part of them is not the smallest possible part (no part is pure), is called continuity of quantity. Both space and time are quanta continua, because neither part of them can be given without including them between the two boundaries (two dots or two moments), so that it is only given out when the part itself is a space or a time. Therefore, space is only composed of space, time is only composed of time. Dots and moments are just boundaries, that is, just positions that limit them.”(Kant,p.123)   “quanta continua” refers to continuous quantities in the text.
3. Hegel's Analysis of Continuity and Discreteness
Hegel thinks that continuity and discreteness are dialectical unity. He discusses the problem of continuity and discreteness from the point of view that quantity is the unity of continuity and discreteness, and thinks that only by unifying continuity and discreteness can we find truth. Therefore, he is also a philosopher who studies the problem of continuity and discreteness most in history. He thinks that dot has infinitely small measure (variable), that is, it has the quality of line segment, otherwise ‘line segment is composed of dots’ will lead to the uncertainty of the regulation (quality) of line segment.
What is continuity? He says, “Continuity is ,therefore,simple,self-same self-relation, which is not interrupted by any limit or exclusion; it is not,however, an immediate unity, but a unity of ones which possess being-for-self. The asunderness of the plurality is still contained in this unity, but  at the same time as not differentiating or interrupting it. In continuity , the plurality is posited as it is in itself; the many are all alike, each is the same as the other and the plurality is, consequently, a simple, undifferentiated sameness. Continuity is this moment of self-sameness of the asunderness, the self-continuation of the different ones into those from which they are distinguished.”(Hegel,1969，p.187)  What is separability?  Separability is one of one or unit contained in quantity.
He thinks that quantity is the unity of continuity and dispersion. He said: “It is the nature of quantity, this simple unity of discreteness and continuity, that gives rise to the conflict or antinomy of the infinite divisibility of space, time, matter, etc.” (Hegel, 1969，p.190)   He thinks that quantity has two links: one is continuous aspect, the other is separation aspect, and the continuity and separation are unified. In The Logic of Hegel, he states:“It is consequently Continuous as well as Discrete. Each of these two elements involves the other also,  and hence there is no such thing as a merely Continuous or a merely Discrete quantity.”(Hegel,2015，p.162); “Still continuous quantity has also a certain discreteness, being but a continuity of the Many; and discrete quantity is no less continuous, its continuity being the One or Unit, that is, the self-same point of the many Ones.”(Hegel,2015，p.162)
Hegel criticizes this idea, which separates continuity from separateness. Hegel said: “Mathematics, on the other hand, rejects a metaphysics which would make time consist of points of time; space in general ---or in the first place the line---consist of points of space; the plane, of lines; and total space of planes. It allows no validity to such discontinuous ones. Even though, for instance, in determining the magnitude of a plane, it represents it as the sum of infinitely many lines, this discreteness counts only as a momentary representation, and the sublation of the discreteness is already implied in the infinite plurality of the lines, since the space which they are supposed to constitute is after all bounded.”(Hegel, 1969，p.188)
Hegel believes that the continuity and separation of quantity cannot be separated (dialectical unity of quantity), he introduced the unity of quantity in the performance of continuity, dispersion; dot and line segment maintain the unity of quality, dot should have the quality of line segment, that is, measure. He noted that: “Quantity contains the two moments of continuity and discreteness.  It is to be posited in both of them as determinations of itself. It is already their immediate unity, that is, quantity is posited at first only in one of its determinations, continuity, and as such is continuous magnitude. Or we may say that continuity is indeed one of the moments of quantity which requires the other moment, discreteness, to complete it. But quantity is a concrete unity only in so far as it is the unity of distinct moments. …….Continuity is only coherent, compact unity as unity of the discrete; posited as such it is no longer only a moment but the whole of quantity, continuous magnitude.”（ Hegel，1969，p.199） That is, the quantity first reflects the continuous magnitude.
He believes that the separation itself is continuous, which is reflected in the internal quality of the unit. He said: “Discreteness is, like continuity, a moment of quantity but it is itself also the whole of quantity just because it is a moment in it, in the whole, and therefore as a distinct moment it does not stand outside the whole, outside its unity with the other moment…….But discrete magnitude is this asunderness as discontinuous, as interrupted……Because discrete magnitude is quantity, its discreteness is itself continuous. This continuity in the discrete consists in the ones being the same as one another, or in having the same unity. Discrete magnitude is, therefore, the asunderness of the manifold one as self-same, not the manifold one in general but posited as the many of a unity.”(Hegel,1969，p.200); “Conversely, in discrete magnitude continuity is not to be overlooked; this moment is, as has been shown, the one as unity.”(Hegel,1969，p.200).  Here he explains the concepts of unit and scale. Dot is a discrete size, should also have continuity, and all dots have the same continuity; thus, let the dot and line segment to maintain the unity of quality. Therefore, the dot should have the quality of the line segment, that is, there is a measure.
He further stressed that truth can only be discovered by unifying continuity and discreteness.  Hegel, in his study of the antinomy, pointed out that, “When substance, matter, space, time, etc., are taken only as discrete, they are absolutely divided; their principle is the one. When they are taken as continuous, this one is only  a sublated one; division remains a divisibility, it remains the possibility of division, as a possibility, without actually reaching the atom. Now even if we stop at the determination given in what has been said about these antitheses, then the moment of the atom is contained in continuity itself, for this is simply the possibility of division; just as said dividedness, discreteness, sublates all distinction of the ones—for each of the simple ones is what the other is---consequently, also contains their sameness and hence their continuity. Since each of the two opposed sides contains its other within itself and neither can be thought without the other, it follows that neither of these determinations,taken alone, has truth; this belongs only to their unity. This is the true dialectical consideration of them and also the true result.”(Hegel, 1969, p.197)   Here Hegel emphasizes the inexhaustible, and also emphasizes that only unity can lead to truth.
How does Hegel solve the contradiction of continuity and discreteness (or dispersion)? In order to solve the contradiction that ‘line segment is composed of points’, Hegel gives his solution that point is an infinite small (variable) line segment. In this way, point and line segment have qualitative unity. He said: “But since a sum of points does not make a line, or a sum of lines a plane, the points are already directly taken as linear and the lines as planar. But because these linear elements are at the same time supposed not to be lines, which they would be if they were taken as quantum, they are represented as being infinitely small…….  Therefore the element which is determined as point or line is at the same time also given the quality of being linear or planar respectively in order that the sum, as a sum of little lines, may become a line, or as a sum of little planes may become a plane.”(Hegel,1969，p.303-304)
Hegel objected that a line consist of points without measure, because this would lead to an indeterminacy of determinateness of this line.(that is, the point has length, the line has width, so that there is unity of quality. )  He noted that:“Objections and uncertainties of this kind have their origin solely in the indefinite idea employed of the infinite aggregate of points of which the line (or of lines of which the plane) is supposed to consist; this idea obscures the essential determinateness of the magnitude  of the lines or planes.”(Hegel,1969，p.312);“In order to escape the difficulty that a sum of lines is supposed to give a plane, the lines are directly assumed to be plane but also as infinitely narrow, for they have their determination solely in the linear quality of the parallel limits of the trapezium.”(Hegel,1969，p.306)
The fundamental reason for the antinomy lies in adhering to the idea of actual infinity and treating separation as absolute separation, which leads to absolute opposition. He said: “This antinomy consists solely in the fact that discreteness must be asserted just as much as continuity. The one-sided assertion of discreteness gives infinite or absolute dividedness, hence an indivisible, for principle; the one-sided assertion of continuity, on the other hand, gives infinite divisibility.”(Hegel,1969，p.190)
4、Hume's analysis
As we know, Hume is a typical supporter of potential infinity, who believes that the legitimacy of the use of induction can never be proved rationally. On the relationship between line segment and point (or dot), Hume thinks that the measure of point cannot be zero, but he insists that point cannot be divided again, so his thought is still contradictory on the question of point. Hume is a firm mathematical anti-realists, he denies that point is a reality, so this determines that he is a skeptic. In A Treatise of Human Nature, he states:“This theory is therefore absurd, because the mathematical point is a non-real thing, so it cannot be combined with other mathematical points to form a real existence.” (Hume, p.49);“The objects of geometry, the faces, lines, and points in which geometry studies their proportions and positions, are only ideas in mind that never existed, and never could exist in nature.” (Hume, p.52)
He thinks that a point can no longer be divided, but also opposes infinite separability, that is, opposing the idea of actual infinity, and that actual infinity brings obvious contradictions, and that the definition of mathematics is not accurate.  He said: “It is universally recognized that the ability of the mind is limited and can never be given a sufficient and appropriate concept of infinity; even if this is not recognized, it is evident enough from the most mundane observations and experiences.”(Hume, p.35); “No matter how many times it is divided, it cannot bring the imagination closer to the final division than the original idea formed by imagination.”(Hume, p.53); “This clearly proves that the concept of face, line and point is not allowed to be further divided, that is, the concept of face cannot be further divided in thickness, the concept of line cannot be further divided in width and thickness, and the concept of point in length, width, thickness cannot be divided in any aspect.” (Hume, p.54);  “For, since any concept of quantity is not infinitely divisible, it is clear that an attempt to prove that quantity itself allows such a division and to prove it by some ideas directly contrary to it in this respect is the most obvious fallacy imaginable. This fallacy itself is very obvious, then any argument based on it will inevitably lead to a new fallacy and contain a clear contradiction.”(Hume, p.63)   He thinks that the actual infinity is not true, and that the definition of mathematics is not accurate; He noted that: “But I can further assert that none of these proofs has sufficient strength to establish a principle like the infinite separability. This is because for these tiny objects, these proofs are not appropriate, because the ideas they rely on are not accurate, and the principles they rely on are not correct.”(Hume, p.54)
He believes that a finite space cannot contain infinite parts, that is, a point has a length.  He said: “To sum up, I can assert that the idea of [countless parts] and the idea of infinite expanse are the same; no finite expanse can contain countless parts, so any finite expanse is not infinitely divisible.”(Hume,p.39). This is actually the basic contradiction in mathematics, the line segment is composed of points, which is why the non-zero measure is obtained from the set of elements without any extension. Therefore, Hume thinks that the line segment is not infinitely divisible, that is, opposing the actual infinity, that is, the line segment cannot be composed of infinite points, so that the point is measured (or of length), so the point can be further divided, which contradicts that the point cannot be further divided and the point has no extension. Therefore, Hume still does not make it clear about the problem that the line segment is composed of points.
5、Wittgenstein's analysis
As we know, Wittgenstein is a typical potential infinity. He opposes actual infinity and objective existence of infinity, and thinks that infinity is an infinite possibility expressed by law rather than reality. In the problem of continuity and discreteness, he questioned the idea that continuity is composed of dots, and opposed that the line segment is composed of dots, which means that continuous straight line is expressed by ‘inappropriate image’, that is, dot cannot explain continuity. In Research in Basic Mathematics, he states: “As Augustine called the mystery of time, the mystery of continuity is determined by the following: we are induced by language to apply an inappropriate image to it. The set theory retains this inappropriate image of something discontinuous, but expresses the matter which contradicts the image to it when thinking about getting rid of these prejudices. In fact, however, we should point out that this image is just inappropriate, although we cannot stretch it without tearing it apart, but we can use a new image that is somewhat similar to the old one.”(Wittgenstein,2013, p.213-214).
Because of the persistence of potential infinity, Wittgenstein objected to creating a point through the contraction of the line segment, and thinks that the point has nothing to do with the length, that is, points cannot form a line segment. He explained: “This can not mean that it produces a point by contraction ”(Wittgenstein,2013, p.222); “It is not enough: people determine a point to a greater extent by narrowing its place of residence (people claim that it is); on the contrary, people must construct it.  The constant roll of the dice limits the possible stay of the point without restriction, but it does not determine any point. This point is infinitely uncertain after each throw. I believe that here we are misled by the absolute quantity of objects in our visual space; on the other hand, by the ambiguity of the expression ‘close to an object’.  For a line segment in the field of vision, one can say that it is always closer to a point by shrinking; that is, it becomes more similar to a point. In contrast, the Euclidean line segment does not become more similar to a point by shrinking, rather, it is always as different from it because its length can be said to have nothing to do with this point.” (Wittgenstein ,2013, p.221-222)
He thought that infinity could not be expressed, so he objected that the line segment was composed of points.  In Philosophical Review, he states：“What is truly infinite can only be described, not expressed.”(Wittgenstein, 2003, p.196); “A straight line is a rule, not made up of anything.”(Wittgenstein, 2003, p.201)；  “This clearly shows that the irrational number is not an extension of an infinite decimal number, but a rule.”(Wittgenstein, 2003, p.214);  “π the letter represents a rule.”、 “A real number is an arithmetic rule that yields a decimal number of infinite places.”(Wittgenstein, 2003, p.219)
He, like Peirce, opposed equating continuum with a set. He points out in Philosophical Review: “Mathematics is completely contaminated with the vice of the expression of set theory (Mengenlehre). One example is the statement that a straight line consists of points. A straight line is a rule, not made up of anything. A straight line as a colored line in a visual space can consist of shorter colored lines (but certainly not points).” (Wittgenstein, 2003, p.201)
6、Peirce's analysis
American great logician Peirce attaches great importance to the understanding of continuity. He regards continuity as an indispensable element in reality and thinks it is of first importance to philosophy.  He clearly opposes the view that Cantor's geometric continuum is composed of the set of Archimedes points in arithmetic. He thinks that any discrete quantity, no matter how much, cannot fully explain the continuity of the line, and that the set R of real numbers cannot fully explain the geometric continuum. It is very difficult to grasp the continuity in philosophy. He actually inherited the ideas of Aristotle and Hegel. Peirce spent much of his life studying continuity, moving from an early appreciation of Cantor's continuum to a later deep doubt and proposing his own solution.
He believes that the set of real numbers cannot explain the nature of continuum. In The Logic-Facet of Peirce's Philosophical System, Zhang Liuhua describes :“Cantor's definition ‘depends on metric considerations; however, the distinction between continuous and discontinuous series is clearly non-metric'. (CP6.121) The part of a straight line is not an inseparable point, but a segment; the part of any segment is still a segment, or at least an infinitely short segment. At the same time, he believes that the number of points that make up the solid line must be larger than any set envisaged by Cantor, and the set of real numbers R defined by Cantor cannot fully explain the geometric continuum. Since the line must contain all possible continuous points and the set of real numbers R only correspond to the number represented, it is impossible as a completed quantity (as a completed multitude) to explain the nature of the continuum.” (Zhang Liuhua, p.334); “He believes that the numbers itself cannot fully explain the continuum, and the number expresses only the order of discrete objects, and any discrete quantity, no matter how much, cannot fully explain the continuity of the line.” (Zhang Liuhua, p.335)
Peirce tried to use infinitesimal line segments to explain that "a line segment is composed of points ", that is, a continuous line is composed of infinitesimal parts. This is a useful exploration for Mr. Peirce in resolving contradictions. In The Logic-Facet of Peirce's Philosophical System, Zhang Liuhua pointed out:“In a manuscript labeled MS955 in 1893 Peirce asserts,‘There are infinitely short continuous lines on a continuous area such as a continuous line. In fact, the whole line is made up of such infinitesimal elements.’……  All in all, Cantor's continuum R cannot include all points, and the true continuum contains both discontinuous rational numbers, irrational numbers, and infinitesimal quantities as extra possibilities.” (Zhang Liuhua, p.337-338)
7、Analysis of Russell and Gödel
We know that Russell has made a great contribution to the science of mathematical logic; before and after, his philosophy thought changed greatly.  He made it clear in his later book, My Philosophical Development, that “I no longer think that points, moments and particles are the raw materials of the world”(Russell, p.99).  So Russell thought that point was not realistic and returned to Aristotle's idea.
Kurt Gödel, a famous logician, also doubts the isomorphism of set of real numbers and geometric line, and thinks that geometric line may not abide by Dedekind's segmentation theorem.

IV. Analysis of the Problem by Dialectical Infinity View

1、 Analysis of the Problem
On the mathematical definition of point (or dot), it is considered that a point has no measure and a line segment has measure, but on the other hand, mathematics stipulates that ‘a line segment is composed of points’, which leads to an inherent irreconcilable contradiction in mathematics.  The point of mathematics is an absolute divided thing (which cannot be further divided). The line segment is composed of infinite points, which is composed of many points of actual infinity, thus a definition of actual infinite property.  This idea of actual infinity inevitably leads to the lack of qualitative unity between line segment and point (the essence of actual infinity is to separate the infinite process from the result qualitatively), leading to the internal inconsistency between the point and the line segment, which leads to the irreconcilable contradiction, so that the line segment is composed of points is contradictory and absurd in philosophy.
Point, as a purely mathematical abstraction, is zero in length (measure), is nothingness and an imaginary thing. This kind of geometric pure point, like the pure zero in algebra, is an absolute nothingness (emptiness), which has no inherent connection with space and continuity and has no qualitative unity; therefore, more points can only constitute a point of nothingness, can not constitute continuity.  Line segment and point (or set of points) are two completely different concepts, no one can represent the other. There can be countless points of nothingness on the line segment, but what does this have to do with the line segment? Therefore, the line segment is not composed of points, and the face cannot be composed of straight lines and the space cannot be composed of faces.
However, if the point is regarded as an impure abstract, if it has a length, it represents a process rather than a stationary object, it is a variable; it can be seen as a limit process of shrinking a line segment, thus a line segment with infinite small measure, then point and line segment will have qualitative unity, and the line segment will become understandable by the composition of points.
Quality is the internal stipulation of things, and quantity is the external stipulation of things. Dialectical Infinity View (ZhangHong,ZhuangYan,2019) holds that real infinity (or true infinity) is the connection and unity of the inner quality of bad infinity, so real infinity represents and reflects the quality of bad infinity; infinity is the unity of quality and quantity, bad (or evil) infinity represents quantity of infinity (motion), real infinity represents quality(law, commonness or connection) of infinity.  The dialectical infinity view holds that the actual infinity separates the finite from the infinite, and looks at things from the point of view of stillness rather than movement, which has an internal irreconcilable contradiction, and is a metaphysical idealistic infinite view.  As a mathematical abstract concept, the inherent quality of a line segment is continuity and if it is an infinite (composed of infinite points), because length is not the internal quality of point, therefore, the quality of line segment cannot be reflected in the quality of point. Therefore, to reflect the qualitative unity of the two, it must be that the point should also have a measure. On the other hand, only when the point has a measure, can it reflect the continuity of the line segment, and the line segment can be divided into parts that can be divided forever, that is, divided into measured points, which is a process of bad infinity and inexhaustible. Therefore, we must give up the expression and definition of ‘line segment is composed of points’, which is an inherent contradiction, and give up the definition of actual infinite property.

2、 Solutions
Looking at the analysis of this problem by the philosophers and mathematicians mentioned above, two solutions have emerged. For the relationship between points and line segments, we have two acceptable understandings, both of which can solve the problem of continuity and discreteness well.
One is that "a line segment are composed of points", but it must be recognized that point has a measure of infinitesimal (variable), that is, a point has a measure that is both zero and not zero, and the point is still essentially a line segment. The basis of this solution is to confirm the qualitative unity of point and line segment. Therefore, the point is still an infinite process rather than an end point, that is, this point is not the "point" in which the measure in mathematics is purely zero. In this way, the line segment consists of points becomes an infinite process, an endless process. This accords with the understanding of dialectical infinity, and there is no inherent contradiction. Hegel and Peirce proposed such a solution.
This solution shows that the measure (quantity) of a measured point is a unity of being and not being, a changing infinitely small quantity, and a variable. Macroscopically, the measure of single point is zero, while microscopically, the measure of single point is not zero, but an infinite small quantity (variable), which embodies an infinite process. Therefore, the measure of an infinite number of such points, macroscopically, may be zero or not, which requires a clear qualitative relationship between the infinity and the segment.
Another kind of understanding is to oppose ‘a line segment consists of points’, that is, the line segment is not composed of points, the line segment itself is a basic mathematical abstract object with measure (that is, continuous as a basic abstract object), the line segment has nothing to do with points, and has nothing to do with infinite and infinite processes. A point is another mathematical abstract object independent of a line segment. A point does not belong to a line segment. A point is imposed on a line segment. A point is simply a descriptive tool or marker for measuring size, location.  From this point of view, there is no logical and philosophical basis to replace the ergodicity of infinite points with the completion of a finite length line segment. Kant has proposed a similar solution. This philosophical thought of denying a line segment composed of points is embodied in the ideas of Aristotle, Kant, Wittgenstein and other masters. This concept extends to the understanding of number, that is, the set of real numbers is a mark set, the number is the mark of the quantity, and the number corresponds to the line segment on the number axis. As Mr.WangHao said,“The measurement of length and volume is a combination of arithmetic and geometry, applying various units to calculate a number. As with the solution of the equation, this is a natural way to produce fractions and irrational numbers. The concept of real numbers arises from measurements that require absolute precision and, more precisely, can be infinitely improved.”

3、 The number itself does not reflect continuity
Modern mathematics equates the set of real numbers with the continuum (line segment), so that each real number corresponds to a mathematical point, and the continuity of real numbers is used to reflect the continuity of the line segment. However, the number itself, like the point, cannot represent and reflect continuity, the essence of the number is representing separation.
In Hegel's view, the number itself cannot explain the continuity, the essence of the number reflects the separation; Hegel believes that quantity includes two links: continuity and dispersion, which is unified by quantity, that is, continuity and dispersion are dialectical unity through quantity. The essence of quantity originates from measurement, which is the calculation of length naturally, but not continuity itself.  Number is the embodiment of quantity, so it is called quantity; Hegel believes that “number is the absolute determinateness of quantity”(Hegel 1969, p.212), Engels believed that “number is the purest quantitative determination that we know”(Engels, p.262). Therefore, numbers can represent both discrete quantities, such as numbers, counts, and continuous quantities, such as units, scales (lengths).  When the number represents a continuous quantity, it is based on the unit scale (a continuous) and the number is the measurement of the continuous system. Therefore, the number hides the continuity through the unit and discretizes the continuity object, so the number itself cannot explain the continuity, and the essence of quantity is to embody the separation.
Hegel emphasizes the unity of continuity and separation (discreteness), and he points out:“Conversely, in discrete magnitude continuity is not to be overlooked;  this moment is , as has been shown, the one as unity.”(Hegel,1969，p.200); That is, the basis of number is unit, scale, so the fundamental characteristic of number is measurement. An essence of unit, scale is a quantum, is “a quantum, to which a determinate being or a quality is attached.”(Hegel,2015, p.172), is the unity of quality and quantity. Hegel believes that the essence of quantity is separation, which does not directly reflect continuity. He states: “Immediate quantity is continuous magnitude. But quantity is not an immediate at all; immediacy is a determinateness the sublatedness of which is quantity itself. It is, therefore, to be posited in the determinateness immanent in it, and this is the one. Quantity is discrete magnitude.”(Hegel,1969，p.200)
Hegel introduced the concept of number in detail, and pointed out that the number from the separation link is the sum, from the continuous link is the unit. Number embodies many, which can represent both continuous and discrete quantities. One as the embodiment of unit, sublation of continuity, that is, one does not reflect continuity and unit itself reflects continuity; The number is based on unit (one), and the number has continuity in unit, which deeply reveals that the number hides continuity through unit.  Hegel states:“Quantum, which to begin with is quantity with a determinateness or limit in general is, in its complete determinateness, number.”(Hegel,1969,p.202);“Number exhibits the development and perfect character of the Quantum. Like the One, the medium in which it exists, Number involves two qualitative factors or functions; Annumeration or Sum, which depends on the discrete influence, and Unity, which depends on continuity.”(Hegel,2015, p.163)
Therefore, the number hides the continuity, the number reflects the continuity by the unit, and the number itself cannot explain continuity. Hegel states:“Quantum completely posited in these determinations is number. The complete positedness lies in the existence of the limit as a plurality and so in its distinction from the unity. Consequently, number appears as a discrete magnitude, but in the unity it equally possesses continuity. It is, therefore, also quantum in its complete determinateness, for in it the limit is present as a specific plurality which has for its principle the one, the absolutely determinate. Continuity, in which the one is present only in principle, as a sublated moment—posited as a unity--is the form of indeterminateness.”(Hegel,1969，p.203)

V. Analysis of Zeno's Paradox

1. On dichotomy, it is considered that motion does not exist. The content is: the object must reach half of the whole journey before arriving at the destination, this requirement can be carried out indefinitely, so it will never reach the end.
The first explanation of Dialectical Infinity (that is, a point is essentially a line segment): because a point is always a line segment, this distance is not made up of infinite points. In a limited time, we can cross a distance or a finite number of point segments.  Or, according to Aristotle, the structure of time and space is exactly the same, then, it is entirely possible to cross a finite “point of space” (that is, a distance) within a finite “point of time” (that is, a period of time), or to cross an infinite (potential infinite) point of space in an infinite (that is, potential infinite) point of time. Aristotle wrote in Physics, “For example, if time is infinite in the extension of two directions, the quantity is infinite in the extension of two directions; if time is infinite in division, the quantity is infinite in division; if time is infinite in extension and division, then the quantity is infinite in both aspects.” (Aristotle, p.168), “Therefore, we can neither pass through infinite quantity in finite time nor through finite quantity in infinite time; but: time is infinite, quantity is infinite, quantity is infinite, time is infinite.” (Aristotle, p.169)
The second explanation of Dialectical Infinity (that is, the line segment is independent of the point, the point is a mathematical point): Since the line segment is not made up of points, there is no internal correlation between the line segment and the ‘infinite points’, so we have nothing to do with ‘infinite or infinite process’ to cross a distance in a limited time. Just as we have stepped a distance, we cannot say that we have crossed an infinite.

2、About immobility of flying arrow, that is, a flying arrow is still.
The first explanation of Dialectical Infinity (that is, a point is essentially a line segment): The point is essentially a line segment, so the moment of "now" is still essentially a period of time, that is, time is composed of the time period of "now ". So the flying arrow is still flying at any time (that is, for a period of time).
If time is regarded as an absolute moment with no length of time, that is, the line segment is composed of unmeasured points, then we must get the contradictory conclusion mentioned above, because the motion is gone there, so the arrow flying is still. As Aristotle put it, “this conclusion is caused by treating time as being synthesized by presents.”(Aristotle, p.192); He pointed out that “nothing can move in the present”(Aristotle, p.172),“the movement of moving things and the stillness of still things must be for a while.”(Aristotle, p.173). Time is reflected by movement. Only when we feel the change of movement can we feel time; Movement must be movement in time.
The second explanation of Dialectical Infinity (that is, the line segment is independent of the point, time is independent of moment): That is, time has nothing to do with the present point (moment); without the moment of present, the problem itself does not exist.
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